This paper studies analytic aspects of so-called resistance conditions on metric measure spaces with a doubling measure. These conditions are weaker than the usually assumed Poincaré inequality, but however, they are sufficiently strong to imply several useful results in analysis on metric measure spaces. We show that under a perimeter resistance condition, the capacity of order one and the Hausdorff content of codimension one are comparable. Moreover, we have connections to the Sobolev inequality for compactly supported Lipschitz functions on balls as well as capacitary strong type estimates for the Hardy-Littlewood maximal function. We also consider extensions to Sobolev type inequalities with two different measures and Lorentz type estimates. 
Introduction
Rather standard assumptions in analysis on a metric measure space (X µ) are that the measure is doubling and for any ∈ X and > 0 and some R ≥ 1. Here Cap 1 denotes the variational capacity of order one, see [12] and [10] . The resistance condition is considerably weaker than the Poincaré inequality. For example, it does not imply quasiconvexity of the space and, as a consequence, it is not equivalent with the Poincaré inequality. A similar condition has been previously employed, for example in [1] and [9] in connection with the Dirichlet forms on metric measure spaces. There are several natural resistance conditions available and it is not obvious which choice is the best one. We consider two different conditions and focus on analytic aspects of the theory. The organization of the article is as follows. In Section 2 we present some definitions and well known facts that will be useful for us. Section 3 shows that a resistance condition is enough for the equivalence of the 1-Lipschitz capacity and the Hausdorff content of codimension one for balls. In Section 4 we show that under a perimeter resistance condition, the 1-capacity and the Hausdorff content of codimension one are comparable. This extends the results of [12, Theorem 3.6] , where the equivalence is shown when X is complete and satisfies a Poincaré inequality. A boxing inequality and an isocapacitary estimate are essential ingredients in the arguments. Moreover, the resistance conditions are closely related to Sobolev inequalities for compactly supported Lipschitz functions on balls. The equivalence of the 1-capacity and the Hausdorff content of codimension one plays a key role in the proof. We discuss these issues in Section 5. In Section 7 we briefly describe the possible extensions to Sobolev type inequalities with two different measures and Lorentz type estimates. Section 6 deals with capacitary strong type estimates for the Hardy-Littlewood maximal function extending the results of [17] to metric measure spaces. A study of potential theory in the case = 1 on metric measure spaces has been initiated in the papers [10] [11] [12] [13] and we continue this line of research here. The main goal is to investigate, to what extent we can work under a weaker condition than the Poincaré inequality and still have a reasonable theory in metric measure spaces. Moreover, the assumption that the space is complete is redundant here.
Preliminaries
From now on, let (X µ) be a metric measure space where µ is a doubling measure, that is, there exists D ≥ 1, called the doubling constant of µ, such that for all ∈ X and > 0, we have
where B( ) = { ∈ X : ( ) < }. Roughly speaking, the doubling condition gives an upper bound for the dimension of the metric space. Indeed, if 0 < < R < ∞ and ∈ B( R), then
where = log 2 D and =
−2
D , see [3, Lemma 3.3] . It follows from this that the Hausdorff dimension of the space cannot exceed . Throughout the work we also assume that µ(X ) = ∞. A curve in X is a continuous map γ of a closed interval of R into X . A curve is rectifiable if its length is finite. Let Ω be an open subset of X . We say that a Borel function :
whenever γ is a rectifiable curve joining two points and in Ω. We define for any µ-measurable function in X and ε > 0,
The lower local Lipschitz constant of at ∈ X is defined (see [3] ) by
By [3, Proposition 1.14] lip is an upper gradient of whenever is locally Lipschitz continuous. Recall that is locally Lipschitz continuous, denoted as ∈ Lip (X ), if it is Lipschitz continuous on compact subsets of X . Let us recall the definition of functions of bounded variation from [16] .
Definition 2.3.
For ∈ L 1 (X ), we define
a measurable set E ⊂ X is said to have finite perimeter if ||Dχ E ||(X ) < ∞
By replacing X with an open set Ω ⊂ X , we may define ||D ||(Ω) and BV (Ω). The set function ||D ||(·) can be defined on all Borel sets and it is a Borel regular outer measure, see [16, Theorem 3.4] . The perimeter measure is denoted by P(E Ω) = ||Dχ E ||(Ω) and we have the following coarea formula, see [16] . We state the coarea formula only for open sets, but it holds true for all Borel sets as well.
Theorem 2.4.

If ∈ BV (X ) and Ω ⊂ X is an open set, then
The following theorem is a particular case of [11, Lemma 2.6]. Here U Ω means that the closure of U is a compact subset of Ω. Note that if ∈ BV (Ω) has a compact support in Ω, then the zero extension of belongs to BV (X ).
The 1−Lipschitz capacity and the Hausdorff content
Let E be a µ-measurable subset of X . We define the 1-Lipschitz capacity of E by
where the infimum is taken over all ∈ Lip (X ) with = 1 in a neighborhood of E and 0 ≤ ≤ 1. Similarly, let (E Ω) be a pair, where E is a subset of Ω and Ω is an open subset of X . We define the relative 1-Lipschitz capacity of E in Ω as
where the infimum is taken over all ∈ Lip (Ω) with = 1 in a neighborhood of E and 0 ≤ ≤ 1. Here Lip (Ω) denotes the Lipschitz functions with compact support in Ω. Let us define the (spherical) Hausdorff content of codimension one on X by
where the infimum is taken over all coverings of E by balls B( ) with 0 < < ∞ for = 1 2 The equivalence of the 1-Lipschitz capacity with the Hausdorff content of codimension one for compact subsets, when X is complete and satisfies a Poincaré inequality, is shown in [12, Theorem 3.6] . See also [10] and [11] for connections between different definitions of the capacities. Here we do not assume any Poincaré inequality nor completeness. Theorem 3.5 shows that this kind of equivalence for the 1-Lipschitz capacity and the Hausdorff content of codimension one holds for balls just under a resistance condition. Now we introduce two versions of the resistance condition. The first condition requires that there exists R ≥ 1 such that
for every ∈ X and > 0. This implies that
By the definition we always have
so that there is also an upper bound in (3.1). It is easy to show that if X supports a Poincaré inequality, then it satisfies (3.2). However, the converse is not true.
Example 3.4. 
where the constant depends only on the doubling constant.
(ii) If X satisfies (3.1), then
Proof. The proof of (i) can be extracted from [12] but we include it for the convenience of the reader. If 0 < < R,
The upper bound follows from this. 
The other possibility is that < for every = 1 2 , which implies that
The claim follows from (3.6) and (3.7). Then we prove (ii). By (i) and the assumption we have that
This gives the lower bound. The upper bound will be proved in the following proposition which is true even without the resistance condition.
Proposition 3.8.
For any compact subset K of X , we have
Proof. Let ε > 0. There exist balls B(
) and
Then, by the properties of the capacity and (3.3) we have
The result follows by letting ε → 0 Remark 3.9.
The previous theorem holds for all measurable sets with a finite Hausdoff content of codimension one.
The BV-capacity and the Hausdorff content
Let Ω be an open subset of X and E ⊂ Ω . The relative BV-capacity is defined as
where the infimum is taken over all ∈ BV (X ) with = 1 in a neighborhood of E, 0 ≤ ≤ 1 and supp( ) is a compact subset of Ω, see [10] .
Theorem 4.1.
Let E ⊂ Ω and Ω ⊂ X be open. Then
Proof. Let A Ω be any set with E ⊂ int A and P(A Ω) < ∞. By Theorem 2.5, we have χ A ∈ BV (X ) and consequently by [16, p. 988] , we obtain
Since supp(χ A ) = A is a compact subset of Ω, we have (A X \ Ω) > 0 and ||Dχ A ||(X \ Ω) = P(A X \ Ω). Hence
By taking infimum over all such sets A we obtain
Conversely, assume that Cap BV (E Ω) < ∞. Let ε > 0. There exists ∈ BV (X ), 0 ≤ ≤ 1, = 1 in a neighborhood of E such that supp( ) is a compact subset of Ω and
The coarea formula (see Theorem 2.4) implies that
and consequently there exists 0 < < 1 such that
and the result follows letting ε → 0
Next we consider a variant of the resistance condition. Let Ω be any open set with finite perimeter and measure and let ∈ Ω.
Since Ω is open,
for small radii . Therefore there exists such that
Moreover, since µ(X ) = ∞, it follows that
since µ(Ω) < ∞. Therefore, necessarily there exists such that
We denote R = 2 . If the space supports a Poincaré inequality, then it satisfies the perimeter resistance condition, see [12] .
Theorem 4.4.
If X satisfies the perimeter resistance condition, then for any open set Ω with finite perimeter and measure, we have
where the constant depends only on the doubling constant and the constant in the perimeter resistance condition.
Proof. Let ∈ Ω and and R as above. Since the measure is doubling, we have
Moreover, {B( 2R )} ∈Ω is a covering of Ω. Applying a covering argument we obtain pairwise disjoint subcovering B( 2R ), = 1 , with R = R such that
Then by (2.1) and (4.3)
Under the same condition, for any compact subset K we have
Proof. Let ε > 0. There exists ∈ Lip (X ), = 1 in a neighborhood of K , 0 ≤ ≤ 1 such that
Since ∈ BV (X ), by the coarea formula there exists 0 < < 1 such that
The set Ω = { > } is an open neighborhood of K with µ(Ω) < ∞ and by Theorem 4.4 we have
The claim follows from this by letting ε → 0.
Remark 4.6.
Theorem 4.5 also holds for any measurable set E in X with finite 1-Lipschitz capacity.
Corollary 4.7.
If X satisfies the perimeter resistance condition, then for any compact (or measurable) subset K of X , we have
Proof. The lower bound follows from Proposition 3.8 and the upper bound from Theorem 4.5.
Connections to the Sobolev inequality
In this section we study connections of the perimeter resistance condition and a BV resistance condition to Sobolev type inequalities.
Theorem 5.1.
Let ∈ X , > 0 and ∈ Lip (B( )). If X satisfies the perimeter resistance condition, then
Proof. Let B( ) be fixed. Let
By the continuity of we have E = E for almost every . Since has a compact support the set E is compact. The well-known Cavalieri principle and Corollary 4.7 imply that
where last inequality follows by the definitions. Let us define , ∈ Z, by 
Hence by (5.2) and (5.3) it follows that
This proves the claim.
Theorem 5.4.
Let X be a complete metric space. If there exists > 0 such that for any ∈ Lip (B( )), ∈ X and > 0,
then for any ∈ X and > 0,
Proof. Let ∈ X , > 0 and ε > 0. By Theorem 4.1 and the definition of the perimeter, there exists a set
A B( 2 ) with B( ) ⊂ int A such that Cap BV (B( ) B( 2 )) + ε > P(A B( 2 )) = ||Dχ A ||(B( 2 ))
Since χ A ∈ BV (B( 2 )) and supp(χ A ) = A is a compact subset of B( 2 ), by Theorem 2.5 there exists an open set U such that U B( 2 ) with supp(χ A ) U, and a sequence ∈ Lip(B( 2 )) with supp( ) ⊂ U such that → χ A in L 1 (B( 2 )) and ||Dχ A ||(B( 2 )) = lim →∞ B ( 2 ) lip µ
Since X is proper, we see that supp( ) is a compact subset of B( 2 ) and hence by (5.5) we have
From now on, ν will be a given Borel regular outer measure in X .
Theorem 5.6.
Let X be an space that satisfies the perimeter resistance condition. If there exists R > 0 such that for any ∈ X and > 0
then for any ∈ X , > 0 and ∈ Lip (B( ), we have
where the constant depends only on the doubling constant, the constant in the perimeter resistance condition and R .
Proof. Given δ > 0, there exists {B(
By (5.7) it follows that 
Since has a compact support, the set E is compact. Hence by Theorem 5.1 we have then for any ∈ X , > 0 and ∈ Lip (B( )
where the constant depends on the doubling constant, R and the constant in the perimeter resistance condition.
Capacitary estimates for the Hardy-Littlewood maximal function
In this section we show that the perimeter resistance condition implies a capacitary strong type estimate for the HardyLittlewood maximal function, namely, the Hardy-Littlewood maximal function is bounded on a capacitary L -space.
Recall that the Hardy-Littlewood maximal function of a locally integrable function is defined by
where the supremum is taken over all open balls B that contain .
By a capacity C we mean a set function defined on subsets of X satisfying the properties
The Capacitary Lorentz spaces L (C ) (see [6, 18] ) are defined for any 0 < < ∞ and 0 < ≤ ∞ by the condition
The following result is the metric space version of [17] .
Theorem 6.1.
Assume that X satisfies the perimeter resistance condition and let
where the constant depends only on the doubling constant, and the constant in the perimeter resistance condition.
Proof. Without loss of generality, we may assume that ≥ 0. Clearly
Since the sets E , ∈ Z, are disjoint, we have
where the supremum is taken over all balls B containing . As in the proof of Theorem 5.1, Theorem 3.5 (i) and Corollary 4.7 imply that
Finally, by Corollary 4.7 we conclude that
Sobolev-Lorentz strong type estimates
In this section we show that the techniques developed in the previous sections also apply to Sobolev type estimates involving capacitary Lorentz spaces.
Lorentz-type estimates
From now on, let 1 ≤ < ∞, Ω be an open bounded subset of X and E be a measurable subset of Ω. We define the -Lip capacity of E in Ω by
where the infimum is taken over all ∈ Lip (Ω) with = 1 in a neighborhood of E and 0 ≤ ≤ 1. Similarly, let (E F ) be a pair, where E is a subset of F and F is an open set in Ω. We define the relative -Lip capacity of E in F as
where the infimum is taken over all ∈ Lip (Ω) with = 1 in a neighborhood of E, = 0 in Ω \ F and 0 ≤ ≤ 1. for any ∈ Ω. Then we obtain an admissible function for the capacity Cap Lip (E E ) and
is equal to one in E . Therefore,
for every > 0. We have that γ is a decreasing real function such that there exists the limits γ(0) and γ(∞) and it is locally integrable in (0 ∞). Then it is well-known that (see [7, 8] 
Sobolev type inequalities
In [8] characterizations for Sobolev-Lorentz type inequalities in R involving two measures are proved, extending results in [14] and [15] . Here, we extend those results to the metric case and derive with similar methods necessary and sufficient conditions for Sobolev type inequalities involving two rearrangement invariant spaces. Let L 0 (Ω) be the vector space of all (equivalence class of) µ-measurable real functions on Ω, where recall that Ω is a bounded open subset of X . We shall say that Y is a quasi-Banach function space if it is a quasi-Banach linear subspace of L 0
(Ω) with the following properties. for every ∈ Lip (Ω).
(ii) There exists a constant B > 0 such that
Proof. First we show that (i) implies (ii). Let V U Ω and consider ∈ Lip (Ω) such that = 1 in a neighborhood of V , 0 ≤ ≤ 1 and = 0 in Ω \ U. Since V ⊂ { ≥ 1}, we have
and ( Let us denote by C ( ) the -convexification of C , which is the capacity C ( ) (·) := C 1/ (·) (see [5] ). for every ∈ Lip (Ω)
(ii) C ( ) (V ) Cap Lip (V U) 1/ for every V U Ω
The case with two measures
We close with two results that complement and extend some of the results in the previous sections. Assume that ν is a Borel regular outer measure in X .
Theorem 7.7.
If there exists R > 0 such that for any ∈ X and > 0, The next result gives a characterization of a Sobolev type inequality in terms of a resistance condition.
